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The presence of quantum correlations in a quantum state is related to the state’s response to local unitary per-
turbations. Such response is quantified by the distance between the unperturbed and perturbed states, minimized
with respect to suitably identified sets of local unitary operations. In order to be a bona fide measure of quantum
correlations, the distance function must be chosen among those that are contractive under completely positive
and trace preserving maps. The most relevant instances of such physically well-behaved metrics include the
trace, the Bures, and the Hellinger distance. To each of these metrics one can associate the corresponding dis-
cord of response, namely the trace, or Hellinger, or Bures minimum distance from the set of unitarily perturbed
states. All these three discords of response satisfy the basic axioms for a proper measure of quantum correla-
tions. In the present work we focus in particular on the Bures distance, which enjoys the unique property of
being both Riemannian and contractive under completely positive and trace preserving maps, and admits impor-
tant operational interpretations in terms of state distinguishability. We compute analytically the Bures discord of
response for two-qubit states with maximally mixed marginals and we compare it with the corresponding Bures
geometric discord, namely the geometric measure of quantum correlations defined as the Bures distance from
the set of classical-quantum states. Finally, we investigate and identify the maximally quantum correlated two-
qubit states according to the Bures discord of response. These states exhibit a remarkable nonlinear dependence
on the global state purity.
PACS numbers: 03.67.Mn, 03.65.Ud, 03.65.Ta
I. INTRODUCTION
The characterization, quantification, and physical interpre-
tation of quantum correlations more general than entangle-
ment have been the subject of intensive investigation in recent
years [1]. Early seminal works have identified quantum cor-
relations between two parties, A and B, in a bipartite quantum
state by introducing the quantum discord, namely the differ-
ence between the two classically equivalent, but quantum in-
equivalent, entropic formulas for the mutual information [1–
4]. It occurs that the discord is in general non vanishing not
only for entangled states, but also for any separable state ̺AB
which is not locally convertible via a local change of basis to a
so-called classical-quantum state, namely a state of the form
̺
(cq)
AB =
∑
i
|iA〉 〈iA| ⊗ ̺(i)B , (1)
where {|iA〉} is the set of states forming an orthonormal basis in
the state space of subsystem A and the ̺(i)B are arbitrary states
in the state space of subsystem B.
On general grounds, any bona fide measure of quantum
correlations must satisfy the following minimal set of ax-
ioms [1, 5, 6]:
• I) it must vanish if and only if the state is a classical-
quantum state of the form (1) (faithfulness criterion);
∗Corresponding author: illuminati@sa.infn.it
• II) it must be invariant under local unitary transforma-
tions;
• III) it must be non-increasing under local, completely
positive and trace preserving (CPTP) maps (quantum
channels) acting on subsystem B;
• IV) it must reduce to an entanglement monotone if ̺AB
is a pure state.
The entropic quantum discord satisfies all these axioms. On
the other hand, its evaluation requires the highly nontrivial
minimization of the entropic functions over all possible local
Positive Operator-Valued Measure (POVM) measurements on
part A, which implies challenging computational difficulties.
This drawback has motivated the search for alternative mea-
sures of quantum correlations satisfying the basic axioms and
at the same time being computationally tractable [3, 7–10].
A further, important aspect in the study of quantum corre-
lations concerns their operational interpretation, namely the
role that they might play as quantum resources with no classi-
cal counterpart in protocols of quantum technologies, ranging
from quantum computation and information to metrology and
sensing [11–19]. The operational meaning and the reliability
with respect to the basic axioms are thus the relevant guiding
principles that need to be considered when looking for com-
putable measures of quantum correlations.
The fact that the entropic discord vanishes on the classical-
quantum states has been used to define a geometric version of
the discord, δG(A|B), which characterizes the nonclassical fea-
tures of a state ̺AB by quantifying its Hilbert-Schmidt distance
from the set of classical-quantum states, in complete analogy
2with the geometric measures of entanglement defined in terms
of distances from the set of separable states [8, 20, 21]. Opera-
tional interpretations of the geometric discord have been pro-
posed in terms of remote quantum state preparation and the
entanglement that is created between a given quantum system
and an apparatus performing a measurement on it [21–24].
Indeed, if ̺AB is a classical-quantum state, and only in this
case, there always exists a local orthogonal projective mea-
surement that leaves the state unchanged. This means that
the states with non-zero discord are necessarily changed by a
local projective measurement. The same observation applies
if one replaces local measurements with local unitary oper-
ations: bona fide measures of quantum correlations can be
defined by considering the set of all local unitary transforma-
tions UA that cannot reduce to the identity, namely those local
unitaries with fixed, fully non-degenerate spectrum of eigen-
values as, for example, the spectrum of distinct roots of the
unity. The local unitaries falling in this class necessarily per-
turb quantum states with nonvanishing discord [9, 18].
A welcome feature of the method based on the response
of a quantum state to local unitary perturbations is that it al-
lows to introduce a unified approach to the quantification of
entanglement and quantum correlations. Indeed, the bipartite
entanglement of response of pure states of composite quan-
tum systems can be quantified by the change induced by least
perturbing local unitary operations and can then be extended
to a faithful, full entanglement monotone for mixed states by
the convex roof construction [25] (see also [26–29] for earlier
related work).
In the present paper we generalize the entanglement of re-
sponse to the discord of response for (bipartite) mixed states:
DxR(̺AB) ≡ minUA N
−1
x d2x (̺AB, ˜̺AB) , (2)
where the index x denotes the possible different types of
well behaved, contractive metrics under completely positive
and trace-preserving (CPTP) maps. The normalization fac-
tor Nx depends on the given metrics and is chosen in such
a way to assure that DxR varies in the interval [0, 1]. Finally,˜̺AB = UA̺ABU†A denotes the unitarily perturbed state, and the
set of local unitary operations {UA} includes all and only those
local unitaries with fully nondegenerate spectrum of the com-
plex roots of the unity: {ei2kπ/dA }dA−1k=0 , where dA is the Hilbert-
space dimension of the unitarily perturbed subsystem. Since it
is fully non-degenerate and with equal spacing between eigen-
values, we will denote this spectrum as the harmonic spec-
trum. The harmonic spectrum is a particular case of fully
nondegenerate spectra of complex unimodular numbers.
The most important and physically relevant distances dx
contractive under CPTP maps include the trace, the Hellinger,
and the Bures distance.
The trace distance dTr between any two quantum states ̺1
and ̺2 is defined as:
dTr (̺1, ̺2) ≡ Tr
[√
(̺1 − ̺2)2
]
. (3)
The Hellinger distance is defined as:
dHell (̺1, ̺2) ≡
√
Tr
[(√
̺1 − √̺2)2] . (4)
Finally, the Bures distance, directly related to the Uhlmann
fidelity F , is defined as:
dBu (̺1, ̺2) ≡
√
2
(
1 −
√
F (̺1, ̺2)
)
, (5)
where the Uhlmann fidelity F (̺∞, ̺∈) ≡
(
Tr
√√
̺1̺2
√
̺1
)2
.
For each discord of response, trace, Hellinger, and Bures, the
normalization factor in Eq. (2) is, respectively: N−1Tr = 1/4,N−1Hell = N−1Bu = 1/2.
The trace, Hellinger, and Bures discords of response pro-
vide different quantifications of the response of a quantum
state to least-disturbing local unitary perturbations and satisfy
all the previously listed four basic axioms that must be obeyed
by a bona fide measure of quantum correlations: they vanish
if and only if ̺AB is a classical-quantum state; they are invari-
ant under local unitary operations; they are contractive under
CPTP maps on subsystem B, i.e. the subsystem that is not
perturbed by the local unitary operation UA; and they reduce
to an entanglement monotone for pure states, for one of which
they also assume their maximum possible value (1).
In this paper we will focus in detail on the study of the
Bures discord of response:
DBuR (̺AB) ≡ minUA
1
2
d2Bu(̺AB,UA̺ABU†A) , (6)
where, in the following, we will drop the superscript and we
will identify the Bures discord of response with the discord of
response tout court: DBuR ≡ DR.
Specifically, we will show that the Bures discord of re-
sponse DR: 1) is a faithful measure of quantum correlations
satisfying all the basic axioms; 2) reduces to the entanglement
of response for pure states; 3) is endowed with a precise oper-
ational meaning in terms of state discrimination; 4) possesses
a precise quantitative functional relation with the Bures geo-
metric discord, i.e. the geometric measure of quantum corre-
lations defined as the distance of a quantum state from the set
of classical-quantum states; and 5) allows to define non-trivial
instances of maximally quantum correlated states with nonlin-
ear dependence on the global state purity. Similar detailed in-
vestigations can be carried out also for the other well-defined
discords of response (trace and Hellinger) and geometric dis-
cords (trace and Hellinger), and a comprehensive study on the
characterization, quantification, and comparison of the differ-
ent discords of response and different geometric discords is
due to appear soon [30].
In fact, the Bures metric, besides being contractive, shares
the unique property of being locally Riemannian [31] and
therefore emerges as a natural tool in characterizing the dis-
tinguishability of quantum states and operations. Seen as a
distance between neighboring operators, it is immediately re-
lated to the Fisher Information and the Cramer-Rao bound in
the assessment of parameter estimation and quantum metrol-
ogy [32]. These are very important features as, in general,
other distances, induced by the Schatten p-norms or their Lp
infinite-dimensional analogs, are not simultaneously Rieman-
nian and contractive [31, 33]. For instance, the Hilbert-
Schmidt distance is Riemannian but not contractive. As al-
ready mentioned, the notable contractive exception is the trace
3distance (p = 1) which, however, is not Riemannian. The
other important instance of contractive distance already men-
tioned is the Hellinger distance, which, given any pair of quan-
tum states (̺1, ̺2), is defined as the Hilbert-Schmidt distance
between their square roots √̺1 and √̺2. On the other hand,
simple functions of the Bures distance and of the Uhlmann fi-
delity provide exact, a priori lower and upper bounds to the
trace distance dTr. Being the latter related to the error prob-
ability in distinguishing two statistical distributions occurring
with equal probabilities, in Sec. V we will exploit these re-
lations in concrete operational applications of protocols for
quantum technologies.
Indeed, the Bures discord of response expresses how well
a state perturbed by a local unitary operation can be distin-
guished from the unperturbed state or, in other words, how
well the given local unitary transformation can be detected in
a given quantum state. Only a state possessing some amount
of quantum correlations can detect unambiguously any local
unitary operation with a completely non-degenerate spectrum.
This relation between Bures metric and local unitary per-
turbations has immediate bearing on such protocols of quan-
tum technology as the interferometric power in quantum
metrology [6], quantum reading capacity [34], and quantum-
enhanced refrigeration [35]. As a prerequisite for these and
other possible applications in protocols of quantum technol-
ogy, in the following we will provide the exact analytical ex-
pressions of the Bures discord of response for two-qubit states
with maximally mixed marginals, we will determine the struc-
ture of the maximally quantum correlated two-qubit states at
fixed global purity, and we will discuss the relation between
the discord of response and other geometric measures of quan-
tum correlations.
The paper is organized as follows. In Sec. II we introduce
the Bures discord of response and discuss its general prop-
erties and the role played by the spectrum of the associated
local unitary transformations in its definition. Its analytical
formula for two-qubit states diagonal in the Bell basis is given
in Sec. III and its relation to the Bures geometric discord is
discussed. In Sec. IV we identify the maximally quantum cor-
related states with respect to the discord of response as a func-
tion of the global state purity. Possible applications of the dis-
cord of response in protocols of quantum technology are then
discussed in Sec. V.
II. LOCAL UNITARY OPERATIONS, BURES METRIC,
AND QUANTUM CORRELATIONS
A. General aspects
Let us consider a quantum state ̺AB on HA ⊗ HB and
the set of local unitary transformations UA ≡ UA ⊗ 1B
where 1B is the identity operator on B while UA belongs to
the set of unitary operators, irreducible to the identity, with
completely non-degenerate spectrum of complex unimodular
numbers {λ1, ..., λdA}, where dA is the dimensionality of sub-
system A [9, 18].
Let us next denote by Λ the set of unitary matrices with
spectrum {λi}. If the state is pure and is fully separable, i.e.
it can be written as a tensor product of a state defined on A
and a state defined on B, there always exists at least one local
unitary operator UA that leaves the state ̺AB invariant [25, 26].
This fact allows to define the Entanglement of response ER:
EΛR (|φAB〉) ≡ 1 − maxUA∈Λ F(|φAB〉 ,UA |φAB〉) , (7)
where F is the Uhlmann fidelity function which for pure states
reduces to (scalar product) overlap. The entanglement of re-
sponse can then be promoted to a full entanglement mono-
tone for general mixed states via the convex roof extension of
Eq. (7) [25].
The generalization of this procedure to mixed states leads
to the definition of a faithful measure of quantum correlations,
the discord of response. The basic ingredient paving the way
to this generalization is provided by the following proposition.
Proposition 1. If and only if ̺AB is a classical-quantum state
̺
(cq)
AB of the form (1), there exists at least one local unitary op-
erator UA ∈ Λ, in the set of unitary operators with completely
non-degenerate spectrum, such that
˜̺AB ≡ UA̺ABU†A = ̺AB . (8)
The proof is given in the Appendix. From Proposition 1
it follows that the minimum distance of ̺AB from the set of
states ˜̺AB = UA̺ABU†A, where UA ∈ Λ, satisfies axiom I): it
vanishes if and only if ̺AB is classical-quantum. Verification
of the remaining axioms II) through IV) depends on the choice
of the distance. Since the Bures distance is unitarily invariant
and contractive under CPTP maps (either local or global), the
following quantity is a proper measure of quantum correla-
tions:
DΛR (̺AB) = 1 − maxUA∈ΛTr
√√
̺ABUA̺ABU†A
√
̺AB , (9)
where the perturbed subsystem is the one with smaller Hilbert-
space dimension, i.e. dA ≤ dB. This expression defines the
(Bures) discord of response. The maximization is performed
over the set of all local unitary operations with fully nonde-
generate spectrum of complex unimodular numbers, and the
normalization is chosen such that the distance does not exceed
unity, with the absolute upper bound achieved by the maxi-
mally entangled pure states. Moreover, for pure states DΛR is a
simple monotonic function of the entanglement of response:
DΛR (|φ〉) = 1 −
√
1 − EΛR . (10)
Therefore, the discord of response satisfies all axioms for a
proper measure of quantum correlations.
The discord of response DΛR , quantifies the distinguisha-
bility between quantum states before and after the applica-
tion of a local unitary operation with nondegenerate spectrum.
Equivalently, it quantifies the minimum possible response of
a composite quantum system in a given state, subject to lo-
cal unitary perturbations, by identifying the local operation
that induces the least perturbing effect. It is important to un-
derstand that this type of distinguishability differs in general
4from the distinguishability usually considered in the study of
quantum correlations, namely how well a local measurement
can distinguish between elements of a statistical mixture of
quantum states of a composite quantum system.
The asymmetry in treating the subsystems in the definition
Eq. (9) is an intrinsic feature of this type of discord, like many
other measures of quantum correlations. If we take the anal-
ogous definition but with minimization defined under local
unitary transformations on both subsystems, then one finds
that the resulting measure can vanish for some states that do
not belong to the set of classical-quantum states. The sim-
plest relevant example is the one of two-qubit Werner states
which are invariant under all the transformations of the form
UA ⊗ UB̺wABU†A ⊗ U†B, with UA = UB = U. It then follows
that U ⊗U̺wABU†⊗U† = ̺wAB. The would-be symmetric Bures
discord is thus always vanishing for these states and does not
define a faithful measure of quantum correlations.
B. Choice of the spectrum
We will now investigate in more detail the role played by
the choice of the spectrum of the local unitary operations
UA ∈ Λ that enter in the definition of the discord of response.
Extremizing over the entire set of local operations UA without
any restriction on their spectrum implies trivially that the min-
imum is always given by a vanishing discord of response, Eq.
(9), achieved by the local identity UA = 1. In order to define a
nontrivial discord of response one needs to impose constraints
which separate unambiguously the selected classes of unitary
transformations from the identity.
Proposition 1 guarantees that every choice of a completely
nondegenerate spectrum of Λ provides a measure of quantum
correlations that vanishes if and only if the measured state
is classical-quantum. However, each different choice of the
spectrum provides a different measure, which can imply dif-
ferent ordering among the states, a situation similar to the case
of other measures of nonclassicality, defined in terms of local
unitary operations, such as the entanglement of response [25]
and the local quantum uncertainty [19].
If the perturbed subsystem is a qubit, dA = 2, or a qutrit,
dA = 3, the condition that UA is traceless implies a particu-
lar case of fully non-degenerate spectrum of unimodular com-
plex numbers, i.e. the so-called harmonic spectrum of equally
spaced complex roots of the unity. The traceless condition
provides in these cases the proper separation of UA from the
identity. This is not the case any more when dA ≥ 4. In
this case the traceless condition does not guarantee that the
spectrum is completely non-degenerate, while harmonicity re-
mains as a sufficient condition to this end, and other choices
are possible.
On the other hand, the choice of the harmonic spectrum, i.e.
with homogeneously spaced eigenvalues, can be strongly mo-
tivated and justified on physical grounds. Indeed, the shape
of the spectrum becomes an especially delicate problem for
higher-dimensional systems (dA >> 1). Although any choice
of a generic non-degenerate spectrum yields a vanishing dis-
cord if and only if the state is classical-quantum, the density
and spacing of eigenvalues will determine the main character
of the different measures. Suppose we choose an inhomoge-
neous spectrum. In this case, if there are subspaces associated
to very similar eigenvalues of UA, in such subspaces the local
unitary transformations will act almost like the identity. The
quantum correlations between these subspaces and the rest of
the system will then be weighted very poorly by the corre-
sponding discord of response, and will be almost completely
hidden. To illustrate this point in more detail, let us consider a
composite system ABCD, where the state of party AD is maxi-
mally entangled, while the state of party BC is a product state,
and we choose a non-degenerate but inhomogeneous spectrum
of local unitary operations UAB. The minimization over UAB
will then tend to minimize the impact of the maximally en-
tangled part acting on A. This impact will become ever van-
ishingly smaller the closer are the eigenvalues of UAB, while
intuitively one should expect exactly the opposite behaviour,
i.e. that the maximally entangled subsystem should give a sig-
nificant contribution to the quantum discord between AB and
CD. This example shows that the unitary transformations of
non-degenerate but non-uniformly distributed spectrum intro-
duces non-equivalent weights to the correlations in different
subspaces of the system. To avoid such spurious situations
the only sensible choice appears to be that of the harmonic
spectrum.
A further operationally motivated argument in favor of the
harmonic spectrum will be given in Sec. V, where we will
show its optimality for the estimation of the maximal error
probability in quantum reading protocols. In the following we
will always consider the discord of response defined by the
minimization over local unitary operations UA with harmonic
spectrum. Therefore from now on we will omit the superscript
Λ labeling the spectrum in the definition of the discord of re-
sponse DR.
III. DISCORD OF RESPONSE FOR STATES WITH
MAXIMALLY MIXED MARGINALS
In this section we will compute explicitly the general ex-
pression (9) for the discord of response in the case of some
relevant classes of two-qubit states. Let us now focus on the
case in which A and B are qubit subsystems and let us con-
sider a state that admits as eigenvectors of its density matrix
the set of the Bell states:
|Ψ±〉 ≡ 1√
2
(|0A1B〉 ± |1A0B〉) , (11)
|Θ±〉 ≡ 1√
2
(|0A0B〉 ± |1A1B〉) . (12)
We will parameterize these two-qubit states ̺γ by the vector
of eigenvalues ~γ = (γ1, γ2, γ3, γ4). One has
̺γ =
1
2

γ1 + γ2 0 0 γ1 − γ2
0 γ3 + γ4 γ3 − γ4 0
0 γ3 − γ4 γ3 + γ4 0
γ1 − γ2 0 0 γ1 + γ2
 . (13)
5Many important instances of two-qubit states belong to this
class as, for instance, the Werner states, defined in the Bell
basis Eqs. (11) and (12). In this basis, the Werner states read
̺w= f |Ψ−〉〈Ψ−|+ 1 − f3 (|Ψ+〉〈Ψ+ |+ |Θ−〉〈Θ−|+ |Θ+〉〈Θ+ |) . (14)
For these states one has ~γ = ( f , (1− f )/3, (1− f )/3, (1− f )/3).
Since the states ̺γ are convex combinations of Bell states,
their state reductions to either one of the subsystems are max-
imally mixed. The analytical expression of the standard geo-
metric discord for this class of states (using the Bures metric)
has been reported recently [36, 37].
The following proposition holds for the discord of response
of two-qubit states diagonal in the Bell basis:
Proposition 2. The discord of response DR(̺γ) of any two-
qubit state diagonal in the Bell basis is
DR(̺γ)=min
c.p.
[
1 − 2 (√γ1γ2 + √γ3γ4)] , (15)
where minimization is taken over cyclic permutations of the
eigenvalues γ1, γ2 and γ3.
The detailed proof is given in the Appendix. Thus
equipped, it is possible to compare the Bures discord of re-
sponse and the Bures geometric discord defined as [36, 37]:
δBuG (̺AB) ≡
2
2 −
√
2
1 − max
̺
(cq)
AB
√
F(̺AB, ̺(cq)AB )
 , (16)
where F is the Uhlmann fidelity and the maximization is per-
formed over the set of all classical-quantum states, Eq. (1).
The results of this comparison are illustrated in Fig. 1, which
shows that the discord of response of Bell-diagonal states al-
ways bounds the geometric discord from above.
Werner states, Eq. (14) are a particularly important instance
of states diagonal in the Bell basis. Their eigenvalues are
( f , (1 − f )/3, (1 − f )/3, (1 − f )/3), where f is the parameter
that selects the type of Werner state in the definition, Eq. (14).
For Werner states, the discord of response is
DR (̺w) = 1 − 23 (1 − f ) −
2
√( f − f 2)√
3
. (17)
We can re-express it as a function of the global state purity
P ≡ Tr
(
̺2
)
. For a given purity P ≤ 1/3, the parameter f can
take two values, which yield two different ranges for DR (̺w)
as a function of P:
DR (̺w)
∣∣∣∣∓ = 1 − 16
∣∣∣∣3 ∓ √12P − 3∣∣∣∣ (18)
−
√∣∣∣−6P ± √12P − 3 + 3∣∣∣
√
6
.
The solution DR (̺w)
∣∣∣∣
+
holds only for 14 ≤ P ≤ 13 (i.e.
0 ≤ f ≤ 14 ), while the solution DR (̺w)
∣∣∣∣− holds for 14 ≤ P ≤ 1
(i.e. 14 ≤ f ≤ 1). Equations (18) define the upper bounds,
FIG. 1: Difference between the discord of response DR and the Bu-
res geometric discord δBuG for the Bell-diagonal states ̺ABγ defined in
Eq. (13), as a function of the eigenvalues γ1 and γ3. For ease of
illustration we have reported the case γ1 = γ2. In the case of Bell-
diagonal states extended numerical analyses show that the difference
is always strictly positive.
as illustrated in Fig. 2, of the admissible values of the dis-
cord of response for general two-qubit states as a function
of the global state purity in the ranges (a): 14 ≤ P ≤ 13 and(e): 0.94 ≤ P ≤ 1. Therefore, in these ranges Werner states
are maximally quantum-correlated. In the remaining ranges
of the global state purity maximally quantum correlated two-
qubit states belong to classes more general than that of Werner
states. This finding is at variance with the result that is ob-
tained using as a measure of quantum correlations the geomet-
ric discord based on the Hilbert-Schmidt metric [24]. Indeed,
this fact illustrates the discrepancy between predictions based
on the Hilbert-Schmidt and the Bures distance. The former
is a linear function of the global state purity; moreover, it is
not contractive under CPTP maps and is thus not a bona fide
measure of quantum correlations. The latter is Riemannian, is
a bona fide measure of quantum correlations contractive un-
der CPTP maps, and is a nonlinear function of the global state
purity.
IV. MAXIMALLY QUANTUM CORRELATED STATES
The results of this Section were obtained by extensive nu-
merical analyses performed as follows. Two-qubit states were
generated by choosing randomly their eigenvalues and eigen-
vectors. We have generated 107 random two-qubit states with
eigenvectors taken as columns of a unitary matrix chosen ran-
domly from the set of uniformly distributed unitary matri-
ces. Candidate upper-boundary states were selected by re-
peated evaluation of discord and global state purity following
infinitesimal perturbations of the states falling in the vicinity
of the upper boundaries. The emerging structure of maximally
quantum-correlated mixed two-qubit states in the entire range
6FIG. 2: Behavior of the upper bounds for the discord of response
DR (̺AB) of general two-qubit states as a function of the global state
purity P ≡ Tr (̺AB)2. The shadowed region identifies the set of
admissible values of the discord of response and the region’s up-
per boundaries identify the maximally quantum correlated two-qubit
states at fixed global state purity. Detailed expressions are discussed
in Sec. IV of the main text. The different types of functions forming
the upper boundaries divide the purity range in five distinct regions,
as discussed in detail in the main text.
of global state purity is characterized as follows: in the ranges
(a) and (e) of Fig. 2, i.e. 14 ≤ P ≤ 13 and 0.94 ≤ P ≤ 1,
the maximally quantum-correlated states are Werner states.
In the range (b) of Fig. 2, i.e. 13 ≤ P ≤ 0.39, the maxi-
mally quantum-correlated states are of the following form in
the computational basis {|iA, jB〉}2iA , jB=1:
̺
(mq)
b =
1
6

1 0 0 1
0 4 − b 0 0
0 0 b 0
1 0 0 1
 , (19)
where b is the following nonlinear function of the global
state purity: b = 2 +
√
6
√
3P − 1. Here we pause
to observe that the evaluation of the general expression
of the discord of response DR, Eq. (9), can be simpli-
fied whenever party A is a qubit and B is arbitrary finite-
dimensional system. The square root of the fidelity between
̺AB and UA̺ABU†A is
√
F = Tr
√√
̺ABUA̺ABU†A
√
̺AB =
Tr
√√
̺ABUA
√
̺AB
√
̺ABU†A
√
̺AB, equivalent to the sum of
the absolute values of the eigenvalues of √̺ABUA √̺AB
which, by having the same eigenvalues, is a matrix similar
to ̺ABUA. Therefore, the discord of response DR takes the
general form
DR (̺AB) = 1 − max
UA∈Λ
∑
i
|ξi (̺ABUA)| , (20)
where ξi (̺ABUA) are the eigenvalues of the matrix ̺ABUA. Us-
ing Eq. (20) it is straightforward to conclude that the discord
of response DR(̺(mq)b ) is constant for all values of the global
state purity in the range 13 ≤ P ≤ 0.39 and takes the value
DR(̺(mq)b ) = 13 . In this case we can easily identify the decom-
position of ̺(mq)b onto the mixture of a maximally entangle-
ment state (external block) and a separable state (the internal
block) [38], and the discord of response depends only on the
entangled term of the decomposition.
In the region (c), corresponding to the range of global state
purity 0.39 ≤ P ≤ 0.53, we can identify the states compat-
ible with the upper boundary of the discord of response up
to two numerical parameters a1 and a2. The corresponding
maximally quantum-correlated states are the following rank 3
states written in the computational basis {|iA, jB〉}2iA, jB=1:
̺
(mq)
c =
1
6

K 0 0
√
K(c−K)
0 (1+4K−3c)/2 0 0
0 0 (1−4K+c)/2 0√
K(c−K) 0 0 c−K
 , (21)
where K = a1 + a2P, the parameters a1 ≈ 0.03, a2 ≈
0.35 are numerical constants, and c = 17 (1 + 8K +√
2
√
7P − 24K2 + 8K − 3). The discord of response of these
states is the following nonlinear function of the global state
purity:
DR
(̺ (mq)
c
)
≈0.3P−0.35
√
(2.8−P)(P−0.34)
+0.88 − 1.7
[
0.013P2 + 0.19
+
(
0.09
√
(2.8 − P)(P − 0.34) − 0.09
)
P
−0.2
√
(2.8 − P)(P − 0.34)
] 1
2
. (22)
In the region (d) of Fig. 2, corresponding to the range of val-
ues of the global state purity 0.53 ≤ P ≤ 0.94, the maximally
quantum-correlated states are rank 2 states of the following
form in the computational basis:
̺
(mq)
d =

(1 − d) cos2(η) 0 0 (1 − d) cos(η) sin(η)
0 0 0 0
0 0 d 0
(1 − d) cos(η) sin(η) 0 0 (1 − d) sin2(η)
 ,
(23)
where d = 12
(
1 −
√
2P − 1
)
and
η =
1
2
cos−1

2P +
√
(1 − P)
(
−P + 2
√
2P − 1 + 3
)
− 2
− 12
(√
2P − 1 + 1
)2
 . (24)
We can summarize the results of our analysis as fol-
lows. According to the discord of response, the maximally
quantum-correlated two-qubit states at fixed global state pu-
rity are:
(a) f or 1
4
≤ P ≤ 13 Werner states with f ≤
1
4
,
(b) f or 13 ≤ P ≤ 0.39 states o f the f orm Eq. (19),
(c) f or 0.39 ≤ P ≤ 0.53 states o f the f orm Eq. (21),
(d) f or 0.53 ≤ P ≤ 0.94 states o f the f orm Eq. (23),
(e) f or 0.94 ≤ P ≤ 1 Werner states with f ≥ 0.97 .
In conclusion, maximally quantum correlated states with
respect to the discord of response possess a rich structure that
7is due to the fact that the Bures distance is a nonlinear function
of the global state purity. Changing the global purity induces
marked discontinuities in the rank and the form of the maxi-
mally quantum correlated states. On the other hand, they can
be always represented in the same computational basis in the
form of block diagonal density matrices. It should be noted
that analogous block-diagonal structures and discontinuities
in the rank are the same features shared by maximally entan-
gled mixed states [39, 40].
V. OPERATIONAL ASPECTS AND APPLICATIONS
The discord of response is quantified by the Bures distance
between a given input state and the output state obtained from
it under the action of a local unitary perturbations. From the
operational interpretation of the Uhlmann fidelity and Bures
metric it stems that the more quantum-correlated a quantum
state, the more such state is sensitive to a local unitary per-
turbation, and the better it can be distinguished from the per-
turbed state. Therefore, it seems possible to control or tame an
external environment by suitable local unitary quantum driv-
ing of statistical noise and thermal fluctuations.
These features can be of immediate interest in the context
of protocols of quantum technology where distinguishability
with respect to local unitary transformations plays a signif-
icant role. The detailed theoretical and experimental study
of the application of the discord of response to protocols of
quantum technology such as e.g. quantum reading and illumi-
nation, quantum metrology, and related problems in quantum
sensing and quantum technologies is beyond the scope of the
present work, which is of general and mathematical nature,
and will presented elsewhere [41, 42]. In the following we
will only present a brief discussion of how the discord of re-
sponse can be fruitfully applied to the study of two such proto-
cols of quantum technology. Specifically, we will consider the
problem of the quantum reading capacity [34], in which one
needs to distinguish between two or more unitary quantum
channels, and a problem of quantum parameter estimation, in
which not only the parameter is unknown but also the local
driving Hamiltonian is not completely known [6].
The idea of reading classical data by means of quantum
states, yielding a significant advantage over purely classical
resources has been recently proposed in Ref. [34]. The data
are written on a classical device (in the optical implementa-
tion it is a CD-like device) by means of different types of
cells. The quantum transmitter which has to extract the en-
coded information is prepared in an initial state. Passing a
cell the transmitter changes its properties in a way depending
on the state of the cell, and it is detected. The task is to rec-
ognize which cell has occurred based on the output state of
the transmitter. Therefore the problem of reading is reduced
to the problem of distinguishing the different output states of
the transmitter.
The most common implementations are based on optical
technologies, see e.g. [43]. In this setting, one has to distin-
guish between two main coding scenarios depending on the
type of transmitters and channels that are used. The first sce-
nario is called ”amplitude shift keying” (ASK) in which the
changes in the state of the transmitter are caused by the cell-
dependent losses of the intensity of the transmitted signal. The
second scenario is called ”phase shift keying” (PSK). This is a
coding without energy losses, which however demands a very
high coherence of the transmitter.
If the transmitter is quantum, the cells play the role of quan-
tum channels. The ASK scenario is an instance of dissipative
channel coding, while in PSK we have a coding by means
of the unitary transformations. It has been shown, particu-
larly in the low energy regime, that the transmitters which are
quantum (entangled, squeezed etc.) can provide some advan-
tages over the classical states (convex combinations of coher-
ent states) in both the ASK and PSK scenarios [34, 43].
The probability of error in the discrimination between the
output states of the transmitter after passing through equiprob-
able channels, Φ1 or Φ2 is provided by the Helstrom formula
Perr(̺,Φ1,Φ2) = 12 (1 −
1
2
DTr
(
Φ1(̺),Φ2(̺)) ,
where DTr is the trace distance. In the binary, loss-free coding
only two channels are needed. Without loss of generality we
can assume that one of them is the identity and the second one
is a local unitary transformation UA. For a given transmitter
̺AB we can introduce the device-independent characteristic of
the quantum reading by assuming the worst case scenario and
maximizing the error probability over all local unitary oper-
ations UA with non-degenerate spectrum. One then obtains
the probability of error expressed in terms of the discord of
response defined by means of the trace distance. This type
of discord of response characterizes the difference between
the maximal probability of error in the above scenario and the
classical head-tail value 1/2, i.e. the absolute maximum of the
error probability.
At this point let us discuss again the role played by the
choice of the spectrum of the local unitary operations in the
definition of the discord of response. The following propo-
sition shows that if subsystem A is a qubit, then the choice
of the harmonic spectrum yields the smallest possible maxi-
mal probability of error. This in turn implies that the choice
of the harmonic spectrum is the optimal one in order to code
messages via unitary operations:
Proposition 3. Consider an arbitrary bi-partite transmitter
state ̺AB, where subsystem A is a qubit, dA = 2, and subsys-
tem B is arbitrary finite-dimensional. Assume that we encode
the message using the identity channel 1A and an arbitrary
unitary channel UA, both occurring with equal probabilities.
Then, the maximal probability of error of discrimination be-
tween the outputs of the operations given by 1A and by UA is
smallest if the spectrum of UA is harmonic.
The proof is given in Appendix A 3. At the moment there
is no proof for dA > 2 and the task appears challenging. The
result of the above Proposition suggests that the choice of the
harmonic spectrum for the local unitary operations that de-
fine the discord of response provides the optimal estimation
of some crucial figure of merit in quantum reading protocols.
Indeed, since the trace distance DTr is challenging to evaluate
8in many relevant instances, for example in the case of repeated
sampling [44] or in the case of Gaussian probe states [45],
useful estimators such as the quantum Chernoff bound [44]
and the Bures distance DBu can come at hand. In particular,
the latter allows to derive lower and upper bounds on the er-
ror probability thanks to the following relations to the trace
distance:
DBu(̺1, ̺2)2 ≤ DTr(̺1, ̺2) ≤ 2DBu(̺1, ̺2) . (25)
Indeed, these two distances are topologically equivalent [46,
47]. This means that if two states become closer to each other
with respect to one of these measures they are also closer
to each other with respect to the other measure. Moreover,
the bounds in Ineq. (25) are simple functions of the quantum
Chernoff bound if one of the states is pure [45]. Moreover, the
discord of response allows to show the crucial advantage of
quantum reading over the classical reading. In particular, our
results imply that the states with large discord of response are
able to read any coding by means of local unitary operations,
while this is impossible for classical-quantum transmitters, i.e.
transmitters with vanishing discord of response.
The results of the present paper may also find interesting
applications in the context of metrology, particularly for inter-
ferometry and phase estimation [6]. In such problems one has
to estimate some unknown phase φ introduced at one arm of
an interferometer by a unitary transformation eiφH , while the
generating Hamiltonian H is either unknown or characterized
only by its spectrum. The precision of the phase determina-
tion is estimated by the interferometric power, a function of
the quantum Fisher information F dependent on the probing
state and the generating Hamiltonian H. Not knowing explic-
itly H, one has to minimize the Fisher information over all
Hamiltonians H in order to characterize the precision of the
phase estimation. For arbitrary states ̺AB =
∑
i qi |φi〉 〈φi| the
quantum Fisher information F(̺AB, HA) reads
F(̺AB, HA) = 4
∑
i< j:qi+q j,0
(qi − q j)2
qi + q j
|〈φi|HA ⊗ 1B|φ j〉|2 ,
and the associated interferometric power reads
PA(̺AB) ≡ 14 minHA F(̺AB, HA) .
It has been recently found that PA(̺AB) is nonvanishing only
for discordant states and can be suitably maximized, e.g. with
experimental setups based on NMR technology [6]. In this
scenario, for local generating Hamiltonians HA with non-
degenerate spectrum we can characterize the sensitivity of the
probed state on the action of eiφHA by the Bures distance be-
tween the state perturbed locally by eiφHA and the unperturbed
state after minimization over all local Hamiltonians HA with
fixed non-degenerate spectrum. Such a measure vanishes if
and only if there exists a local Hamiltonian which does not
perturb the probing state. As a consequence, the results pre-
sented in Sec. IV of the present work identify the states of
given purity which are most sensitive to the action of unknown
local Hamiltonians. These qualitative similarities between the
discord of response and the interferometric power need to be
supplemented by more extended studies in order to investigate
stricter quantitative relations between them.
Note added in proof: After our work was completed, a re-
lated paper by Farace et. al. has appeared [48]. In this work
the authors introduce, in the context of protocols of quan-
tum illumination, a further response-based measure of non-
classical correlations, the so-called discriminating strength.
This measure is quite similar in spirit to the discord of re-
sponse, being defined through the Bures distance with respect
to a local unitary perturbation. The main difference between
the discord of response and the discriminating strength lies
in the fact that in the former the Bures distance is defined
through the Uhlmann fidelity while in the latter it is defined
through the quantum Chernoff bound. In the perspective of
future work along this line of investigation, it will be inter-
esting to analyze analogies and differences between these two
response-based measures of quantum correlations.
Second note added in proof: Very recent collaboration with
the authors and Dr. D. Spehner has allowed to prove that an
exact analytical relation always holds between the Bures dis-
cord of response and the geometric Bures discord whenever
subsystem A is a qubit and subsystem B is an arbitrary d-
dimensional system. Other general analytic relations between
different types of discords of response and geometric discords
have also been discovered and will be reported in the same
comprehensive study [30].
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Appendix A: Proofs of the Propositions from the paper
1. Proof of Proposition 1
Suppose that ̺AB is a classical-quantum state as given in
Eq. (1). Then any local unitary operator with eigenstates {|iA〉}
will not change the state, i.e. Eq. (8) is satisfied. Now we will
show the other direction by contradiction. Suppose that Eq.
(8) holds true for some state which is not classical-quantum
and hence can be written as
̺AB =
∑
i, j
|iA〉〈 jA | ⊗ LBi j, (A1)
where LBi j are local operators on part B of the system. Since
̺AB is not a classical-quantum state, there must exist at least
9one pair of indexes k and l with k , l such that LBkl , 0. Let
the corresponding local unitary operator be UA =
∑
i λi|iA〉〈iA |
with eigenstates |iA〉 and eigenvalues λi.
If Eq. (8) must be satisfied by the state in Eq. (A1), then
the following equation must also be satisfied:
〈kA|UA̺ABU†A |lA〉 = 〈kA |̺AB|lA〉 . (A2)
The left hand side of this equation becomes
〈kA|UA̺ABU†A|lA〉 = λkλ⋆l LBkl, while the right hand side
can be written as 〈kA|̺AB|lA〉 = LBkl. On the other hand, since
UA has a nondegenerate spectrum, it follows that Eq. (A2)
can never be satisfied.
2. Proof of Proposition 2
Recalling the formula for the discord of response DR for
two-qubit states given by Eq. (20), we need to compute the
eigenvalues of ̺γUA using the notation of Eq. (13) and the
decomposition
UA = sin φ cos θσx + sin φ cos θσy + cos θσz. (A3)
The calculation of the eigenvalues of ̺γUA ≡ ̺γ(UA ⊗ IB) is
straightforward:
M ≡
∑
i
∣∣∣∣ξi (̺γUA)∣∣∣∣ (A4)
=
√
2

√∣∣∣∣∣Z(φ, θ) −
√
Z(φ, θ)2 − 4γ1γ2γ3γ4
∣∣∣∣∣
+
√∣∣∣∣∣Z(φ, θ) +
√
Z(φ, θ)2 − 4γ1γ2γ3γ4
∣∣∣∣∣
 , (A5)
where
Z(φ, θ) = (γ1γ3 + γ2γ4) cos2(φ) cos2(θ) (A6)
+(γ2γ3 + γ1γ4) sin2(φ) cos2(θ) + (γ1γ2 + γ3γ4) sin2(θ).
Next, we notice that we can dismiss the absolute values due
to the positivity of the inner expressions, which is guaranteed
by the following inequality:
Z(φ, θ)2 ≥ 4γ1γ2γ3γ4 . (A7)
Proof. Proof of the above inequality goes as follows. Without
loss of generality, we can assume that (γ1γ3 +γ2γ4) ≥ (γ2γ3 +
γ1γ4) and (γ1γ2 + γ3γ4) ≥ (γ2γ3 + γ1γ4). Then:
Z(φ, θ) = (γ1γ3 + γ2γ4) cos2(φ) cos2(θ) (A8)
+(γ2γ3 + γ1γ4) sin2(φ) cos2(θ) + (γ1γ2 + γ3γ4) sin2(θ)
≥ (γ2γ3 + γ1γ4) ≥ 2√γ1γ2γ3γ4,
and we can omit the absolute values in Eq. (A5). 
Finally, to determine the maximum of M as a function of φ
and θ, we evaluate the first derivatives:
dM
dφ =
dM
dZ
dZ
dφ =
1
N
(γ2 − γ1)(γ3 − γ4) sin(2φ) cos2 θ
dM
dθ =
dM
dZ
dZ
dθ =
1
N
sin (2θ) [γ1γ2 + γ3γ4 (A9)
− (γ1γ3 + γ2γ4) cos2(φ) − (γ2γ3 + γ1γ4) sin2(φ)
]
.
where
N =
√
Z −
√
Z2 − 4γ1γ2γ3γ4 +
√
Z +
√
Z2 − 4γ1γ2γ3γ4.
We observe that the denominators cannot vanish, so that the
extremes are determined only if the numerators vanish, i.e.
for θ = π2 , or {θ = 0, φ = 0}, or {θ = 0, φ = π2 }. Whether an
extremum is a maximum or a minimum depends on the ratios
of eigenvalues of ̺γ. Substituting the corresponding values of
φ in M and taking 1 − M we recover Proposition 2.
3. Proof of Proposition 3
Denote by S = sp(UA) the arbitrary nondegenerate spec-
trum of one-qubit unitary transformations UA, while by S h
denote the harmonic spectrum {1,−1}. We show that for arbi-
trary two-qubit state ̺AB
∀S , min
UA : sp(US )=S
‖̺AB − UA̺ABU†A‖Tr (A10)
≤ min
UA : sp(UA)=S h
‖̺AB − UA̺ABU†A‖Tr .
By D(S )A and D
(h)
A we denote, respectively, the diagonal matri-
ces with spectrum S and with harmonic spectrum S h. We
use the property that minUA : sp(UA)=S ‖̺AB − UA̺ABU†A‖Tr =
minVA ‖VA̺ABV†A −D(S )A V̺ABV†AD(S )†A ‖Tr , where VA can be any
one-qubit unitary transformation. Assume that ̺′AB is a state
VA̺ABV†A which minimizes the above formula. We show that
for any spectrum different than the harmonic spectrum there
exists the distance ‖̺′AB − D(S )A ̺′ABD(S )†A ‖Tr which is smaller or
equal than ‖̺′AB − D(h)A ̺′ABD(h)†A ‖Tr.
Without lost of generality we assume that S = {eiω, e−iω}.
Let us represent state ̺′AB as
∑2
i, j=1 |iA〉 〈 jA | ⊗Li jB , where Li jB are
matrices of dimensions dB × dB. Here {|iA〉}2i=1 is a basis in
which matrix D(S )A is diagonal. Let us estimate the following
distance
‖̺′AB − D(S )A ̺′ABD(S )†A ‖Tr = ‖̺′ABD(S )A − D(S )A ̺′AB‖Tr (A11)
=
∥∥∥∥∥∥
(
0 L12B (eiω − e−iω)
L21B (−eiω + e−iω) 0
)∥∥∥∥∥∥
Tr
(A12)
= 2
∥∥∥∥∥∥
(
0 L12B sinω
−L21B sinω 0
)∥∥∥∥∥∥
Tr
(A13)
= 2| sinω|
∥∥∥∥∥∥
(
0 L12B
L21B 0
)∥∥∥∥∥∥
Tr
≤ 2
∥∥∥∥∥∥
(
0 L12B
L21B 0
)∥∥∥∥∥∥
Tr
. (A14)
The inequality is saturated for ω = π2 , that is the case of the
harmonic spectrum of D(S )A . This fact proves Ineq. (A10) and
completes the proof of Proposition 3.
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